On Addition Formulae of KP, mKP and BKP hierarchies 
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Abstract 



In this paper we study the addition formulae of the KP, the mKP and the BKP hierarchies. We 
prove that the total hierarchies are equivalent to the simplest equations of their addition formulae. In 
' the case of the KP and the mKP those results had previously been proved by Noumi, Takasaki and 

Takebe by way of functions. Here we give alternative and direct proofs for the case of the KP and mKP 
hierarchies. Our method can equally be applied to the BKP hierarchy. 



1 Introduction 

(N 

J> . The purpose of this paper is to prove that some integrable hierarchies are equivalent to the simplest equations 

' of their addition formulae. We study the KP, the modified KP (mKP) and the BKP hierarchies in this 

paper. 

The (bilinear) KP hierarchy 111 is an infinite system of bilinear equations for t{x), x = (xi, xi^ ■ ■ ■ ); 
. given, in the generating form, by 

(N ■ / e"2«(2''^V(x -y- [A-1])t(x + y + {\-\)^ = 0. 



Namely if we expand the left hand side in y = (j/i, y2, ■ ■ ■), then we get Hirota's bilinear equations, which 
contain, as the simplest equation, the Kadomtsev-Petviashvili (KP) equation in the bilinear form 

c5 : {Di + 3Dl - 4DiD3)r • r = 0, (1) 

where Di is the Hirota's bilinear operator defined by 

{DYD- . . . )r . r = (^( A)" (^|_y\ . . j + _ ,))|^^^, , . (,,,,,, . . . ). (2) 

Instead of expanding in y, if we put y — ^ X^S^ [<^i])/2j [o'] — (c«j ck'^/S, • • • ), and compute 

the integral by taking residues, then we get addition formulae |19| : 

m+l m — 1 m+1 

^(-l)^-^a/^T(x+ ^ [/?,] + M)r(x+ ^ N)=0, m>2, (3) 
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where Cap depends only on {Q!,;}i<i<m+i and {/3i}i<i<TO-i. The simplest case of addition formulae is the 
case of m=2: 

ai2as,iT{x + [ai] + [a2])T{x + [as] + [04]) 
-ai3"24T(a; + [ai] + [a3])r(2; + [as] + [^4]) 

+aua23T{x + [ai] + [Q;4])r(x + [as] + [ag]) = 0, (4) 

where aij — ~ aj. It is surprising that the KP hierarchy itself is equivalent to This fact has 

been proved by Takasaki and Takebe [23] by way of the wave functions of the KP hierarchy. Here we 
give an alternative and direct proof. First we show that the totality of addition formulae ([3]) is equivalent 
to the KP hierarchy by using the properties of symmetric functions. If we say the function of the form 
t{x+ [ai] + • • • + [an]) the n-point function, then Q is a relation among two point functions. By shifting x 
appropriately we can consider Q as an expressions of a four point function in terms of two point functions 
(see l(20|l ). Repeating this process, we can derive the formulae which express the 2m-point function as a 
determinant of 2-point functions. These formulae are called the Fay's determinant formulae in the case of 
theta function [6l [18] . In [6] it is indicated without proofs that the determinant formulae can be obtained 
form the trisecant formulae corresponding to ((4|). In this sense the determinant formulae (|19p and their 
derivation from Q can not be said as a new result [22]. Next we show that the Pliicker's relations for the 
determinants appeared in these formulae are nothing but the addition formulae ([3]) for m-point functions. 
In this way, we can prove that ^ is equivalent to the KP hierarchy. For the mKP and the BKP hierarchies, 
similar results hold although there are some differences. 

The mKP hierarchy is an infinite system of differential equations for an infinite number of functions 
Ti{x), ^ G Z. In this case there are an infinite number of the simplest addition formulae: 

a23Tiix + [ai])r;+i(a:; + [as] + [a^]) 
-ai3Ti{x + [a2])Ti+i{x + [ai] + [03]) 

+ai2Ti{x+[a3])Ti+i{x + [ai] + [a2]) = 0, I E Z. (5) 

It had been proved that ([5]) is equivalent to the mKP hierarchy in [16] . Here we prove the equivalence in a 
similar strategy to the case of KP. A new feature of the present case is that there exist addition formulae 
involving r/ and Ti+k for k > 2. We prove that these addition formulae are consequences of ([5]). 

The BKP hierarchy is an infinite system of bilinear equations for t{x), x = {xi, x^,- ■ ■). The following 
is the simplest addition formula which has four terms: 

ai2ai3a23T{x + 2[ai]o)T{x + 2[a2]o + 2[a3]o) 
-ai2Q!23ai3r(a: + 2[a2]o)T(x + 2[ai]o + 2[a3]o) 
+<5i3a23ai2r(a; + 2[a3]o)r(a:: + 2[ai]o + 2[a2]o) 

-Qi2ai3a23T(a:)r(x + 2[ai]o + 2[a2]o + 2[a3]o) = 0. (6) 

where aij — ai + aj and [a]o = {a, a'^/3, ■ • ■ ). We prove that ([6|) is equivalent to the BKP hierarchy in 
a similar way to the KP hierarchy. In this case we use Pfaffians instead of determinants to express n-point 
functions in terms of one and two point functions. To this end we need the analogue of Sylvester's theorem 
for Pfaffians and the Pliicker's relations for Pfaffians [17] . 

We have shown that the KP, the mKP and the BKP hierarchies are equivalent to the simplest addition 
formulae. It is interesting to study whether, for other integrable hierarchies [H [TTJ [501 [H] , similar structure 
exists. There exists a result for the Toda hierarchy [501 [Hj. But the problem arises to specify what are 
the fundamental equations in general. To consider these problems, it will be effective to use free fermion 
descriptions of integrable hierarchies [4l[TT]. It is also interesting to apply the results to the study of discrete 
differential geometries [El l2j and addition formulae for sigma functions [H [5l [15] . 

This paper consists of three sections and one appendix. In section 2, we consider the KP hierarchy. The 
key point is a proof of the equivalence between the KP hierarchy itself and its addition formulae. Since this 
case is fundamental, the details of arguments are given. Then we consider the mKP hierarchy in section 
3. The arguments which are similar to the KP hierarchy are omitted. In section 4, we study the BKP 
hierarchy. The Pfaffians are necessary in this case. We review the Pliicker's relations for Pfaffians due to 
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Ohta [17j. The analogue of Sylvester's theorem for PfafBans is used. In Appendix, the Sylvester's theorem 
for determinants and PfafSans are reviewed. 

2 The addition formula for the r-function of the KP hierarchy 

Let 

no OO 

[a] = {a,— ,—,...), ^(t,A) = }Ji„A", t = {ti,t2,h, ■ ■ ■). 



n=l 



The KP hierarchy is a system of equations for a function T{t) ([31[TT]) given by 

s«*'-*-^)r(i'-[A-i])r(t+[A-i])^=0. (7) 

Here f means a formal algebraic operator extracting the coefhcient of z^^ of Laurent series: 

dz °° 

— V a„z" = a_i. (8) 
Zm ^ — ' 

n— — OO 

Set t = x + y,t' = x — y. Then ^ becomes 



2efe,A)^(^ „ y _ [A-i])r(x + y + [A-i])f^ - 0. (9) 

Zm 



-In d\ 

w c — - 1 \x ~ y — [A \)i \x ^ y -t [A 
For an integer m > 2, set 

m — 1 m-fl 

y=2(E[/5^]-EN)- (10) 

i=l i=l 

Then ([S]) becomes 

/m — l m+1 m — 1 m+1 

exp(-c(E [/^^] - E N]. ^))^(^ - 2(E t/^''] - E - [^"']) 

^ m — 1 m+1 

xr{x + 2(E [/3d - E N) + I^"'])^ = 0- (11) 

i—l i—1 

By virtue of the identity 

°° x"- 

^_ = _log(i-a;), 

n—l 

the exponential factor in (jlip reduces to a rational function of A,ck,;,/3i as 

exp f-e(E[/3d - E["d'A)) = "b;;;-^'^; . 



Computing the integral by taking residues atA = aj^,l<i<m [13] and shifting the variable x as 

m— 1 771+1 

2< 



^ m—1 771+1 



1=1 1=1 
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we get the following addition formulae of the r-function [T5] 

m+l 

{-ly^^ ({x; (3i, . . . , Q:i)C{x; ai, . . . , cti, . . . , am+i) = 0, m > 2, (12) 

where 

C(a;;ai,...,a„) = A(ai, . . . , Q!„)T(a; + [ai] H h [a„]), 

A(ai, . . . ,a„) = - a^), 

and ai denotes to remove ai. 

Example 1 In the case of m — 2, we have 

ai2aziT{x + [ai] + [a2])T{x + [as] + [ai]) 
-0Li^a2iT{x + [ai] + [a'i])T{x + [02] + [o-a]) 

+ai4a23T(a; + [ai] + [q!4])t(x + [a2] + [03]) = 0, (13) 

where aij — ai — aj . 

We call 'the three terms equation'. We have derived (IT3)) from ([7]). The fact that the converse is 
true is proved by Takasaki and Takebe |23| . 

Theorem 1 |23j The three terms equation US\) is equivalent to the KP hierarchy 

In [23| the theorem is proved by constructing the wave function of the KP-hierarchy. To do it the 
differential Fay identity which is a certain limit of is used. Here we give an alternative and direct proof 
of the theorem. 

Proposition 1 The KP hierarchy ^ is equivalent to ilS^} . 

Proof. It is sufficient to prove that if (|11|) holds for any m > 2 and arbitrary ai ^ 0,/3i, then (jO]) holds. 
Set the left hand side of (|9|) F{y). Expand F{y) in y as 

F(y) = E^72/^ y'^ = yTyT---, 7 = (7i,72,---)- (14) 

We consider the case /3,i = 0, 1 < i < to — 1 in (fTO|) and set 

m+l 

2/'=EN- (15) 

1=1 

We prove — for any 7 if F{—H^) = for any m > 2. We consider m fixed. Let us define the weight of 
yi to be i and wty'^ = X^i^i *7j- Decompose F according to weights as 

F = f(")+F«+f(2) + ... , (16) 

F«= E ^-/y^- (17) 

wt y''=i 

We substitute — ^ to y and get the homogeneous polynomial of degree i of ai, • • • , am+i- 

71 H h7™ + l=i 



4 



Then F(— y) = is equivalent to F(*'(— — for any i. Notice that iy[ = a\ + ■ ■ ■ + a^^^ is a power 
sum symmetric function. Therefore y[, - ■ ■ ,y'm+i are algebraically independent [12]. If i < m + 1, then 
F^^^{y) is a polynomial at most of yi, • ■ • ,ym+i- Thus ^) = implies = for any 7 satisfying 

wt^ — i. Since m is arbitrary we have = for any 7. □ 

Remark In the course of the proof we actually prove the equivalence between (O and p2p with /?i = for 
any i (of course, in that case we have firstly to divide ([T2|) by A(/3i, • • • ,/3m-i))- 

Proposition 2 T/ie following formula follows from US]}: 

r(^+Er=i[/?d -Er=iN) _ n"=i(A / r(x+[A]-K]) \ ^ ^ ^^^^ 



Proof. Shifting a; in as 

a; -J> .T - [ai] - [02], 

we have 

T(a; - [ai] - [02] + [as] + [04]) 
T(a;) 

/ r(a;~[ai] + [a3]) T(3:-[a2] + [a3]) \ 
- '^^^ T{x-[ai] + tai]) r(a-[a2] + [a4]) ' (.^^v* 



^120:43 



Q4ir(a:) a4,2T{x) 



which becomes (flQl) with to 2 if we set (aa, 04) — ?> /32). 
Suppose that (fT9| holds in case of to = fc: 

+ i:m - End = r(x)-'=+ic. det , (21) 

where 



In (|2T]1 shift the variable x as 



a; -> X + [Pk+i] - [afc+i] 



Then 



fe+i fc+i 

i=l i=l 

= r(x + - det ( + m + [^^-^^ - - [->^^^y ^ . (22) 

\ Pi- aj 



l<i,j<k 



By (HH) with m 2, 



where 



t{x + [13,] + [I3k+i] - K] - [ttfe+i]) = T(a;)-My • Xy, (23) 



{Pi - oij){fii - ak+i){j3k+i - aj){l3k+i - a/c+i) 



{a J - Q!fe+i)(/?fc+i - Pi) 

( r(a: + [ft]-[aj]) T(x+[ft]-[afc+i]) 

- '^'^^ I r(:r+[fa + i]-K-]) r(x+[/3^+i]-[afc+i]) 
\ ^fc + i — /3fe+i-afc+i 
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By substituting to the determinant in the right hand side of (1^^ . we have 



det 



t(x + [Pi] + [/3fc+i] - [aj] - [g/c+i]) 
ft - aj 

I3k+i - ttfc+i \'' Yj - - o-k+i) 



l<i,j<k 



n r^^""'y:""^t: det(x.,),<.,<,. (24) 

Using Sylvester's theorem (Appendix), we can rewrite the determinant in the right hand side of ((24|) as 

det(X,)....,<. = + l^'^-l - I°>^-1> )'" det ^ '^-1 - I'-'l' ) . (25) 

" ^ V ft+1 - "fc+i / V ft - aj y i<.,j<fc+i 

Finahy, we get 

nt i=i(A~".-) / r(x+[ft]-K-]) - 

Ii<i"yfti V (ft-aj)^(a^) yi<»,j<fc+i 



r{x + ^[ft] - ^N) = r(x)-'- ^^y-; ^ - det ( ' ' ) , (26) 



which is the case oi m — k + 1 oi ITO)) . □ 
Let us consider an N x m matrix A= {aij)i<i<N,i<j<m with N > m and set, for 1 < ^i, • • • , l„i < N, 

A{h, • • • , Im) = <i<3t{ai-j)i<ij<m- 

For any 1 < fci, ■ • • , km-i, h, ■ ■ ■ , Im+i < N these determinants satisfy Phicker's relations: 

m+l 

{~iy-^A{ki, kra-l,k)A{h, . . . , f„ . . . , Ira+l) = 0. (27) 

i=l 

Proposition 3 The Pliicker's relations for the determinant of the right hand side of m9\) give the addition 
formulae ilS^) . 

Proof. Let m be fixed. Consider the oo x m matrix A—{aij) with 

_ rjx + [ft] - [a,]) 
(ft-a,)r(x) • 

By (HH), we have 

/Hfci,...,/c™_i,(,j - n.ex. nr=i(/5.-a=) ^i^i ' 

, ^ A(ft,,- Ai,-.A„ + i)A(ai,--,a^) ^(^+E.gi,,[/3.]-Er=i["^]) 
^ 71(^(1,..., - n.ei,, n"Li(/3r-".) 

where Ki — {fci, • • • , fc„i_i, k}, Li ~ {li, ■ ■ ■ ,li, - ■ ■ , lm+i\- Shift the variable x as 



(28) 



X — a; - 



and renaming the variables as(fti, • • • ,^fe„_i) -> (ft, • • • ,/3m-i), (fti, • • • ,ft„+i) ^ ("i, • • • ,am+i), we 
get the addition formulae p2|) . □ 



Proof of Theorem 1. By Proposition 1, 2 and 3, we have ([7]) from ([T3| . Thus Theorem 1 is proved. □ 
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3 mKP hierarchy 

Let T/(t) {I e Z) be r- functions of the modified KP (mKP) hierarchy. We use the same notation as that for 
KP hierarchy {[a], ^(t, A), etc.). 

The mKP hierarchy is given by the bihnear equation ([31 [TT]) of the form 

e«(*'-*-^U'-''r,(t'-[A-i])rj,(t+[A-i])^-0, I > I' . (29) 

Set t = X + y, t' = X — y. Then ([29]) becomes 

g-2?(,,A)^;-iV,(x-y-[A-i])r,,(x + y+[A-i])^-0, l>l'. (30) 

Zm 

Let ; - r = fc > 0. Set 

m-\-k 



^(E[/^'']-En)- (31) 



i=l i=l 

Then the exponential factor in pop reduces to a rational function of A, ai, (3.i as in the KP case: 

m — 2 m-\-k \ -p-rm — 2/ 



4=1 1=1 

, -1 



Computing the integral by taking residues at A = , 1 < i < m + k and shifting the variable x as 

m — 2 'm+k 



x — > x + 

1=1 i=l 

we have the following addition formulae of the mKP hierarchy: 

7n+k 

'^{-iy^'^C,i{x] , Pi, - ■ ■ ,l3m-2,a^)Ci+kix;ai,- ■ ■ - ,Q.m+k) = 0, Z e Z, /c > 0, m > 2, (32) 

where 

n 

0(2;; ai, • ■ • ,a„) = A(ai, • • • ,a„)r/(a; + ^[a^]). 



i=i 



Example 2 T/ie case ^ — T = 1 and m — 2 of iT^) is 

Q;23T;(a:^ + [ai])T;+i(x + [02] + [as]) 
-ai3Ti{x + [a2])Ti+i{x + [ai] + [as]) 

+ai2Ti{x + [a3])Ti+i{x + [ai] + [02]) = 0. (33) 

We call ([55)) 'the three terms equation of the mKP hierarchy'. 
The following theorem is proved in |16] . 

Theorem 2 |16j The three terms equation i3S\) is equivalent to the mKP hierarchy i29\) . 

We give an another proof which is similar to that of the KP hierarchy. The following proposition can 
be proved as in the KP-case. 

Proposition 4 The mKP hierarchy ^i2§j) is equivalent to (3^. 
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Ti+i{x + Er=i[«»] - ELi^N) 

Tl{x) 

( r,(x+[ai]-[/3i]) 
(Qi-/3i)n(a:) 
r,(a+[a2]-[/3i]) 
(Q2-/3l)ri(2:) 



= Cdet 



where 



■ r,(a:+[a„]-[/3i]) 
\ (a„-/3i)ri(a:) 



for 77 > 2 ■ 




T,(x + [ai]-[/3„_i]) 


T!+i(a;+[Qi]) 


(ai-/3„_i)T;(a:) 


n(2:) 


r,(a; + [Q2]-[/3„-i]) 


ri + i(x+[Q2]) 


(02-/371-1)^(2:) 


n(2:) 


t,(x+[q„]-[^„_i]) 


Ti4.i(x+[a„]) 


(a„-^„_i)Ti(a;) 


Ti(a:) 


nLin"Ji(a» ^ 









(34) 



Proof. The proof is similar to that of Proposition 2. We leave details to readers. 



□ 



Proposition 6 The Pliicher's relations for the determinant of the right hand side of I134\ ) gives L32\) with 
k = l. 



Proof. Let m be fixed. Consider the m x 2r77 matrix A — {aij)i<ci<m, i<j<2m with 

^^^^ni^M^dm^ l<j<2m-l, 
at,2m = Ti + lix + [ai]). 

In the present case, for 1 < n, ■ • • , r„i < 27n we set 

M^ir ■ ■ ^r^n) = det{ai^rj)i<i,j<m 



(35) 



They satisfy Plucker's relation ((27)) . For 1 < fci, • • • , km-2, h,' ■ ■ , Im+i < 2777 — 1 we have, from (|T9)) and 



^{h, ■ ■ ■ ,h: - ■ ■ , Im+l) - 



A(/3fci,---:/3fe,„_2,A.)A(ai,---,a™)(r,(x))'"-i 



A(Aj,--- ,/3,^,-,A^^j)A(ai,-,a„)(T,(a;))'' 



□ 



where if^ = {fci, • • • , fc„i_2, /j}, = {^i, • • • Ji,--- , ^m+i}- Then we get with fc = 1 

By Proposition 5 and 6, Equation (15^ with fc = 1 and arbitrary 777 > 2 follows from ([55)1 . The next 
lemma shows that ((32)) with k > 2 and 777 > 2 also follows from ()33l) . The fact that ()32p with fc = follows 
from p3p is proved in TBI. We generalize the arguments in |16| for fc > 2. 

Lemma 1 Equations hSS]) are implied by 

Proof. We prove the lemma by induction on fc. Suppose that Equation (1321) is valid for fc and any 777 > 2. 
Shift the variable x as 

x-^x- [aj], 
and multiply Ti+k+iix + [am+k+i])- Then we get 

m+A;— 1 m+/c — 1 m — 2 

Air/(a;- ^ [aj] + [/3j])r;+fc(x + [am+k] ~ [ai])Ti+k+iix + [am+fc+i]) 

m — 2 m+fc— 1 

+Am+kTiix + [am+k] + ^ Wj] - ^ [aj])T;+fe(a;)rz+fc+i(a; + [am+k]) = 0, (36) 
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where 

Ai = (-l)*"^A(/3i, • • • ,/3™_2,Q!i)A(ai,--- ,di,-- - ,am+k)- 

In (|33[) with Z being replaced by Z + fc, make a shift x — >■ x — [as] and change the label of a as (ai , 012, as) 
(ofm+fc, ckm+fe+i, Qfi), l<«<m + fc-l. Then we get 



'- — Ti+k{x + [am+k+i] ~ [ai])n+k+i{x + [a„i+k]) 

^m+k+l.i 

am+k.m+k+i_^^^^^^y^^^^^^^ + [a„i+fe] + [a„i+k+i] - [at]). (37) 



Substituting ([37|) to the sunimands of f[36]) and shifting a: as x x + ^['^j]' then we get 

m+A; m+fc— 1 rn — 2 m+A; — 1 

r,+fc+i(a; + ^ [ofj]) ^ A, — ti{x + + ^ [Pjjjn+kix + ^ [a^] + [a™+fc+i]) 

m+A;— 1 I 'm+fc — 1 m — 2 m4-A;+l 

I .= 1 '^^.rn+k+l 
r?x-2 m+fc+1 1 

+Am+kTi{x + [a„,+k] + [pj])Ti+k+i{x + J2 K']) f = 0. (38) 

j = l j^m+k J 

We write (1321) with k as 



m+fc— 1 m— 2 m+/c 

^ A,r,(a; + [a,] + ^ [ft])Ti+fc(x + ^ [a,]) 

i=l j=l j=ii 

m — 2 m+/c— 1 

Change am+k to am+fe+i in p9p . Notice that Ai, i < m + k, changes to 

rn+k — l 

(-1) A(Pi,- ■■ ,Prn-2,0:i)A{ai,--- ,ai,--- ,am+k-l,a,n+k+l) = Ai 

aj,m+k Cti^m+k+l 

and A,„+fe changes to 

(-l)™+''A(^i, • • • , /3m_2, am+fc+i)A(ai, • • • , am+k-i)- 
Then we can rewrite the first term of (1551) as 



m+/i: 7n+fc — 1 m — 2 m+k — 1 

T/+fc+i(a; + ^ K]) ^ A, — t;(x + [a^] + ^ [/?j])r;+fc(x + ^ [aj] + [a.m+k+i]) 

m + /c m — 2 m-\'k — l 

] + E[/^^])^'+fe(^+ E N), (40) 

where 

D ,^m+fc+l • • • j/3m-2)A(ai, • ■ • ,Q!m+fe) 

= l aj,m+fe+l 
-vm+A;— 1 r 



Substituting ([iOl) to (1551) . we can divide the equation by r/+/^(x 4- ['^jD- Then we get the case of 

I" 



A; + 1 of ([321) by multiplying n!=i'' ^aj\m+fc+i- Q 
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4 BKP hierarchy 



Let r(i) be the r-function of the BKP hierarchy. In this case, the time variable is t = (^1,^3,^5, • • • ). We 
set 



■.odd 



The BKP hierarchy ([3l[TT]) is defined by 



Jit-t'A)^(^t - 2[X-X)Tit' + 2[X-%)^ = r{t)r{t'). (41) 



Set t = X — y, t' = X + y. We get 



g-2C(y,A)^(^ „ „ 2[A-i]„)r(x + y + "^[^'X)^ = ^i^ - vM^ + v)- (42) 



Set 



El 



4=1 

then (H^ becomes 



/n n 
^- 1 1 



dX 



2mX 

1=1 i=l 
n n 

= r(a; [a,]o)r(x + ^[a,]o). (43) 

i=l i=l 

By decomposing -2 X]„:odd *«A" as 

00 00 

-2 ^ t„A" = - ^ t„A" + ^ t„(-A)", 

n:odd n— 1 n— 1 

we get 

=pU-(ti„.u.A,).ni^. 

\ i—1 / i— 1 

Computing the integral by taking residues as before, shifting x as x ^Y^^i^-y[ai\o and dividing t(x)^ we have 

" T{x + 2[a^]o) ^^^, r{x + 2Y.ti,i^A^i]o) 

Z.^ ^ r(x) r(x) 

._i T(a; + 2X;r=iK]o) „ 

-A;^ „ — =0, n : odd, (44) 

t{x) 

^ a^.n t{x) 1-i-n-i ^(a;) 

2—1 

1 T(x + 2X;r=iK]o) n ^^K^ 

—A, „ — =0, n : even. (45) 

t(x) 

Here Ai...„ is defined by 

n ~ 

^i...n = — , ctij = ai+ aj, aij = a; - a^. 
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Example 3 The case n = 3 of ^44\ ) 



IS 



t{x + 2 i'^ilo) _ . {t{x + 2[ai]o) a23 t{x + 2[a2]o + '2,[az]o) 



t{x) \ t{x) (523 t{x) 

t{x + 2[a2]o) ai3 t{x + 2[ai]o + 2[a^]o) 
t{x) ai3 r(x) 
^ t{x + 2[a3]o) ai2 t(x + 2[ai]o + 2[q2]o) \ .^gv 
T(a:) ai2 r(x) 



We call Equation (j46l) 'the four terms equation of the BKP hierarchy'. 
Example 4 The case of n ~ 4 of ( [^5[ ) is 

+ 2 Jaj]o) _ 

— ^1234 



r(x) 



ai4 t{x - 


h 2[ai]o + 2[q;4]o) a23 t{x 


+ 2[a2]o- 


l-2[a3]o) 


(5l4 

0:24 t{x H 


rix) (523 
- 2[a2]o + 2[q;4]o) aia t{x 


r(x) 
+ 2[ai]oH 


-2M0) 


(524 

034 T(a; - 


t{x) (5i3 
f 2[a3]o + 2[q;4]o) ai2 t{x 


r(x) 
+ 2[ai]o- 


f2[a2]o) 


a34 


t(x) (5i2 


t{x) 





(47) 

X) J 

As is proved in Proposition 8, Equation (|47l) can be derived from Equation (pS]). 
Theorem 3 T/ie /our terms equation |^6| ) is equivalent to the BKP hierarchy 
We prove this theorem in a similar way to the case of the KP hierarchy. 

In order to prove the theorem, we recall Pfaffians. Let A= (ay)i<jj<2m be a skew-symmetric matrix. 
Then the Pfafhan Pf A is defined by 

detA= (PfA)^ PfA = 012034- ••a2™-i,2m + -- - • 

Following we denote Pf A by (1, 2, 3, ... , 2m): 

Pf A = (1,2,3,...,2to). 

It is directly defined by 

(1,2,3, . . .,2m) ^sgn(ii, . . . ,12™) ■ (ii, i2)(i3, i4) ■ ■ • (i2m-i,i2m), (i, j) = a^j, 
where the sum is over all permutations of (1,. . . ,2m) such that 

il < 13 < ■ ■ • < i2m-l, h <i2, - ■■ , i2m-l < i2m, 

and sgn(ii, . . . , i2m) is the signature of the permutation (ii, . . . , i2m)- The Pfafhan can be expanded as 

2m 

(1, 2, 3, . . . , 2m) = ^(-1)^(1, i)(2, 3, . . . , j, . . . , 2m). 

For example, in the case of m = 2, 

(1, 2, 3, 4) = (1, 2)(3, 4) - (1, 3)(2, 4) + (1, 4)(2, 3). 

We set 

^ t{x + 2[aj]o) ^ t{x + 2[ai]o + 2[aj]o) 

t{x) ' ' (5ij t{x) 
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Then we rewrite pS)) and (H71) as 

r(^ + 2ELi[«^]o) 
r(a;) 

T(a; + 2EtiNo) 
t{x) 

The foUowing proposition can be proved in a similar manner to Proposition 1 
Proposition 7 The BKP hierarchy is equivalent to and |^5p . 
Proposition 8 T/ie following equations follows from {4^6^ : 

r(x + 2E:LiNo) 



^123(0,1,2,3), (49) 



Ai234(l,2,3,4). (50) 



r(x) 

r(x + 2 Ja,]o) 



.4i...„(0, l,2,...,n), n>3:odd, (51) 

Ai...„(l,2, . . . ,n), n > 4 : even. (52) 



r(x) 

Proo/. First we prove that ([46]) implies (H?]). Shift x in (|46]) as x -J> a; + 2[q4]o 

T(x + 2E^^^[a,]o) _ r(a;)2 / T(a; + 2[ai]o + 2[a4]o) ^23 T(a; + 2[a2]o + 2[a3]o + 2[a4]o) 
^123- 



(53) 



"(a; + 2[a4]o) t{x + 2[a4\oY \ t{x) 0:23 t{x) 

t{x + 2[q2]o + 2[q4]o) o;i3 t{x + 2[ai]o + 2[o;3]o + 2[o;4]o) 
t{x) ai3 T(a;) 

^ t{x + 2[a3]o + 2[a4]o) ai2 t{x + 2[ai]o + 2[a2]o + 2[a4]o) 
t{x) ai2 t{x) 



Substitute the expression by (HHl) into the term of the form t{x + 2[Q!iJo + 2[ai2]o + 2[ai3]o) in ([5^ . Then 
we get 

^^^^^i^^fii^ = A,234(l,2,3,4). 

We prove l|5T|) by induction on n. The case of n = 3 is obvious. Suppose that ([5T]) holds in the case of n: 

r(x + 2X;LiK]o) 



r(x) 

where A=(aij)o<jj<n is a skew-symmetric matrix. 



^i...„(0,l,2,...,n) = Ai...„PfA, (54) 



In dSJ) shift X as 

X -> X + 2[q;„+i]o + 2[a„4.2]o. 

Then we have, using (|49]) and ((50ll , 

T(a^ + 2Eyi^K].) ^ ^^^^^^^^^(^^ ^ ^ ^ 2)-^PfB (56) 
r(x) 

where B=(fey )o<i<j<n is a skew-symmetric matrix, 

6y = (n + l,n-(-2,i,j) {i< j). (57) 
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By the analogue of the Sylvester' theorem for Pfaffians (Appendix), we have 

Pf((l,2,.-. ,2r,i,j))2.+i<,<j<2m - (1,2,.-. ,2r)"-'^-i(l,2,-. - ,2to). 
Applying (|58| with r — 1 and m — n, we can rewrite ([SS)) as 

Pf((n+ l,n + 2,i,j))o<.,<j<„ = (n+l,n + 2)T^(n + l,n + 2,0, ••■ , n) 
Substituting ((Ml) to ([Ml), we get 

t(^+2e:=i'No) 



Ai...„+2(0,1,-- - ,n + 2). 



The case of n even is similarly proved. 



(58) 
(59) 

(60) 

□ 



There exists an analogue of the Pliicker's relations for Pfaffians [17]. The Pliicker's relations for Pfaffians 
are given by 



L K 

^(-l)'(ii,--- ,iK,ji){ji,- ■ ■ Jl) + ^(-l)''(ii,--- ,ik,--- 

fc=i 



-0, (61) 



1=1 



where K and L are odd. We understand that (0) = 1. 

For n odd, taking K = 1,L = n,ii ^ and ji, • • • , j„ 7^ in ([6T|) . we get 



^(-l)'-i(0,jO(ji,-- - - ,jn)-(0,Ji,-- - ,i«)-0. 

1=1 

For n even, setting K = 1, L = n and ii 7^ in ()6ip . we have 

n 

^(-l)'~^(ii,j,)(ji, • • • - ,jn-i) - (n,ji,--- = 0. 



(62) 



(63) 



1=1 



Proposition 9 The Pliicker's relations i62\} and Ii63\} for Pfaffians of the right hand side of i51\) and 
give the addition formulae and |^5| ) respectively. 



Proof. It can be easily checked by direct calculations. 



□ 



Appendix Sylveter's theorem for determinants and Pfaffians 

Theorem 4 Let r < m, A — {aij)i<ij<m and A^ = (a,y)i<ij<r. Set 

B = {bij)r+l<ij<m, 

( Oil . . . a\r a\j \ 



hij = det 



\ Q-ii ... a^j' j 



Then we get 



detB = (detAO"~''~MetA. 



(64) 



Let A=(aij)i<i,j<2m be a skew-symmetric matrix. Set (i,j) = aij. For r < m, let P=(py )2r+i<i.j<2m, Pij = 
(1, 2, • • • , 2r, i, j) and = {1, 2, • • • , 2r}. In general, for a subset / C {1, 2, • • • , 2to} we set A(/) = {aij)ij^j 
and for i < j, k < I we denote by A^-'j be a square matrix of degree 2(m — 1) which is obtained from A by 
removing i-th and j-th rows, k-th and ^-th columns. 
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Theorem 5 [8j For r < m the following identity holds: 

Pf P = (Pf A(/^))"'-''-ipf A (65) 
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